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Gravitational waves (GWs) produce small distortions in the observable distribution of stars in the sky. We
describe the characteristic pattern of astrometric deflections created by a specific gravitational waveform called
a burst with memory. Memory is a permanent, residual distortion of space left in the wake of GWs. We demon-
strate that the astrometric effects of GW memory are qualitatively distinct from those of more broadly consid-
ered, oscillatory GWs—distinct in ways with potentially far-reaching observational implications. We discuss
some such implications pertaining to the random-walk development of memory-induced deflection signatures
over cosmological time spans and how those may influence observations of the cosmic microwave background.
Introduction.— Gravitational wave (GW) memory is an
anticipated component of most gravitational waveforms, espe-
cially bursts. GW bursts with memory cause relative displace-
ments within systems of free-falling masses that last indefi-
nitely after the GW burst has passed through the system. For
sources of GWs like binary black holes, memory is sourced
by GW emission and how the waves influence the evolution of
the stress-energy tensor. In other words, memory is a GW ef-
fect generated by GW emission—a deeply nonlinear probe of
extreme gravity [1–7]. Furthermore, detecting memory may
speak to the structure of the Universe as a whole and the nature
of gravity on cosmological scales. Memory can be viewed
as a direct observational consequence of the infinite number
of symmetries and conservation laws in general relativity and
may be tied to the resolution of the black hole information
paradox, an important puzzle of theoretical physics [8–12].
Memory generated by the mergers of supermassive black
hole binaries could be detected by pulsar timing arrays (PTAs)
[13–16], but the rates of detectable mergers are expected to be
so low that it is unlikely for one to occur during these decades-
long projects. A memory event of strain amplitude 10−14, a
nearly detectable amplitude for current PTAs, may occur only
once per 106 or 107 years [17, 18]. Pendula in ground-based
GW detectors provide restoring forces that erase permanent
memory-induced displacements, but it is possible that tran-
sient influences from memory can be inferred in an ensemble
of signals once thousands of GW events are detected [19, 20].
Other probes of memory will prove indispensable for investi-
gating this important phenomenon.
Ground-based detectors and PTAs look for perturbations to
light travel times caused by GWs. But GWs also cause de-
flections in the apparent positions of distant sources of light
[21, 22]. The prospects for detecting GWs through astro-
metric deflections were initially deemed pessimistic [23], but
the success of the astrometric mission Gaia [24] in measur-
ing submilliarcsecond precision positions for over a billion
sources has led some to reconsider this pessimism. Moore
et al. [25] demonstrated that Gaia could have sensitivity to in-
dividually resolvable sources of GWs rivaling that of PTAs.
Recent results from the Event Horizon Telescope have high-
lighted the advancing capabilities of very-long-baseline inter-
ferometry (VLBI) [26]. Darling et al. [27], supplementing
Gaia results with VLBI measurements, derived constraints on
the energy density in a stochastic GW background in and be-
low the range of frequencies accessible with PTAs.
Motivated by theoretical interest in GW memory, the astro-
metric capabilites of instruments like Gaia, the Event Horizon
Telescope, and their successors, and the difficulties that PTAs
and ground-based GW detectors will face in detecting mem-
ory, we investigate the astrometric signature of GW bursts
with memory. We demonstrate that memory is distinct from
other types of GWs in this forum, yielding enticing prospects
for detection and future inquiry.
Deflections from a Planar GW.— Consider a planar GW
traveling in direction pˆ with polarization εi j:
hi j(t, x) = εi jh(t − pˆ · x). (1)
To describe the astrometric deflections from this GW, we
adopt the formalism of Book and Flanagan [22]. For a light
source in direction nˆ, the unperturbed worldline of light arriv-
ing at the origin at time t is
xα0 (λ) = (λ + ct,−λnˆ). (2)
The parameter λ varies from −ds to 0 where ds is the dis-
tance between the observer and light source when the light
was emitted. The deflection of the light source is given by
Eq. (35) from Book and Flanagan [22]:
δni(t) = Qiknˆ j
{
−1
2
h jk(t, 0) +
pˆknˆl
2(1 + pˆ · nˆ)h jl(t, 0)
+
1
ds
∫ 0
−ds
dλ
[
h jk(λ) − pˆknˆl2(1 + pˆ · nˆ)h jl(λ)
]}
,
(3)
where Qik = (δik − nˆinˆk) and δik is the Kronecker delta. The
integral is over the unperturbed photon worldline. We used the
shorthand hi j(λ) to mean the GW field along the integration
path, i.e.,
hi j(λ) = εi jh
(
t +
λ
c
(1 + pˆ · nˆ)
)
. (4)
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2Equation (3) can be reexpressed as
δni(t) = Vi⊕h(t) −ViF
H(t) − H(tL)
t − tL , (5)
where
tL = t − dsc (1 + pˆ · nˆ), (6)
Vi⊕ =
pˆi + nˆi
2(1 + pˆ · nˆ) nˆ
jnˆkε jk − 12 nˆ
jε ij , (7)
ViF = Vi⊕ −
1
2
Qiknˆ jε jk, (8)
and H is the antiderivative of h. The term in Equation (5)
proportional to Vi⊕ was first derived by Pyne et al. [28] and
was the starting point of the analysis by Moore et al. [25] who
referred to it as the “Earth” term in analogy to PTA parlance
and because it only depends on the GW strain at the location
of Earth. Moore et al. [25] did not give an explicit mathe-
matical expression for the other term in Equation (5), but they
dubbed it the “star” term and explained why they could jus-
tifiably ignore it. For a planar GW of reduced wavelength o,
h(t) = h0 cos (ct/o + ϕ) for some phase ϕ. The antiderivative
is H(t) = h0(o/c) sin (ct/o + ϕ). With t − tL = (ds/c)(1 + pˆ · nˆ)
in the denominator of the star term, it is overall proportional
to h0o/ds. As long as o  ds, the star term is negligible com-
pared to the Earth term.
The redshift from a GW, which is relevant for PTAs, splits
into Earth and pulsar terms [see, e.g., Eq. (29) from Book &
Flanagan [22]]. The redshift Earth term depends on the strain
at Earth, while the redshift pulsar term depends on the strain
at the pulsar at some time in the past (the same delay as in our
expression for tL). The Earth and pulsar terms of the redshift
share the same geometric prefactor. The splitting of the astro-
metric deflection in our Eq. (5) is very different from the split-
ting in the redshift. The deflection Earth term does depend on
the strain at Earth, but it has a different geometric dependence
than the star term, already differentiating the deflection and
redshift signatures. Furthermore, the star term depends on the
integral of the strain along the unperturbed worldline, hence
the appearance of the antiderivative in Eq. (5). The appear-
ance of t − tL ∝ ds in the star term’s denominator further
distinguishes it from the pulsar term and renders it negligible
in most situations. When memory is considered, however, the
star term produces non-negligible effects.
GW Bursts with Memory.— We consider GWs with time
dependence h(t) = m(t) + w(t), where
m(t) =
m0
2
[
tanh
(
t
τm
)
+ 1
]
, and (9)
w(t) =
w0
4
e5/4
2 ( tτw
)2
− 1
 e−t2/2τ2w . (10)
These curves are shown in Fig. 1. Memory is modeled
by m(t), growing from zero to some final value m0, over a
timescale τm and qualitatively resembling the memory wave-
forms produced by Favata to describe a compact binary coa-
lescence [5, 6]. An oscillatory, waveletlike component of the
GW, w(t), has maximum absolute amplitude w0 and is tempo-
rally localized to an interval of duration τw. For future use, we
define the total area under w(t) as W0.
This simple signal model is broadly descriptive of essen-
tially any bursting emission of GWs: temporally localized os-
cillations paired with monotonically growing memory. Taking
binary black hole mergers as realistic examples, the charac-
teristic rise time for the memory τm is approximately the light
travel time around the postmerger event horizon, scaling lin-
early with the total mass and equal to approximately one day
for a billion solar mass merger [15]; the timescales τm and τw
are approximately equal as the memory grows rapidly through
the last cycles of inspiral. We take τw = τm and refer to both
as τ. Though details like the mass ratio and the relative ori-
entation of black hole spins can have non-negligible effects,
broadly speaking, m0 ≈ 0.1 w0 in physical systems [3, 5].
If one wanted, w(t) could be replaced by the final cycles of
a chirping waveform from a binary inspiral. As we demon-
strate, the details of w(t) are not important for describing the
long-term behavior of the deflection. Memory is key.
In Fig. 2, we show the norm of the deflection vector |δni|
caused by a GW with propagation direction pˆ = zˆ. We show
the full span of relevant times, ranging between t = 0 and
t = 2ds/c, the maximum value of t − tL. We fixed ds at
cτ×102. As we said, even for a billion solar mass binary black
hole merger, τ is only approximately a day, so this choice of
ds is exceedingly small compared to astronomically relevant
distances. More realistic distances with τ = 1 day would be
ds ≈ cτ × 107 for sources of light still within our Galaxy.
However, this small distance allows us to clearly display the
entire evolution of |δni(t)| in Fig. 2. The two colors of curves
describe the deflections for light sources with the same lon-
gitude but different latitudes, magenta in the northern hemi-
sphere and cyan in the southern (the positions of the color-
coded “star” markers in Fig. 3). With pˆ = zˆ, a star’s latitude
determines the value of pˆ · nˆ that enters the expressions for
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FIG. 1. We consider astrometric deflections from waveletlike GWs
(blue), memorylike GWs (orange), and superpositions thereof.
3Vi⊕, ViF, and tL. A star’s longitude matters only through its
relation to the polarization of the GW, which we have taken as
“+’,’ aligned with the x and y axes. The solid curves describe
the case where m0 = w0 = 10−14, an equal superposition of
the wavelet and memory signals. The dashed curves show the
influence of the memory component of the signal alone.
The wavelet component of the burst generates transient
fluctuations through the Earth term with amplitude propor-
tional to w0 (detailed in the left-hand inset of Fig. 2). As the
wavelet completes its passage over Earth, it leaves, through
the star term, a long-lived, constant, but small deflection pro-
portional to cW0/ds, where W0 is the total area under w(t).
This is why the dashed and solid curves do not perfectly over-
lap after the initial transient fluctuations. After a time tL, the
star term generates low-amplitude fluctuations that negate the
small, long-lived deflection from the wavelet. These ripples
can be seen in the right-hand inset of Fig. 2. An inset focus-
ing on the corresponding region of the cyan curve would look
nearly identical. If we had chosen a larger, more astronomi-
cally realistic value for ds, the offset between the dashed and
solid curves following the transient fluctuations and the small
ripples depicted in the right-hand inset would be impercepti-
ble as the star term would be more significantly suppressed
for short wavelength signals.
Besides the initial transient fluctuations and the small, long-
lived deflection proportional to cW0/ds, the evolution of the
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FIG. 2. The norm of the deflection vector, δni, as a function of time
for a GW propagating in the positive zˆ direction. The deflection vec-
tor is given by Eq. (5) and we have specifically analyzed GW wave-
forms that are combinations of Eqs. (9) and (10) (scales as dictated
by the legend). The two colors correspond to sources of light in dif-
ferent directions (see the color-coded “star” markers in Fig. 3). The
solid curves describe the influence of an equal-weight superposition
of a wavelet signal and a memory signal. The dashed curves describe
the influence of the memory alone. We set the distance of the light
sources to cτ× 102. The left-hand inset details early times near t = 0
when the GW waveform passes over Earth. The right-hand inset de-
tails times near tL for the sky direction associated with the magenta
star in Fig. 3. A similar inset detailing the corresponding part of the
cyan curve would look almost identical.
deflection is entirely governed by the memory of the GW
burst. As the burst passes over Earth, a persistent deflection
proportional to m0 builds over the timescale τ. The secular
evolution of |δni| between t = 0 and t = tL is driven by the
star term. Memory waveforms have, in a sense, semi-infinite
wavelengths, so our previous argument for why the star term is
negligible when the wavelength is small compared to ds does
not apply. Though the star term is initially suppressed by the
presence of ds in the denominator, the numerator of the star
term, depending on the antiderivative of the GW waveform,
grows linearly with time between t = 0 and t = tL for memory.
SinceVi⊕ , ViF, the star term never fully cancels the prompt
deflection generated through the Earth term. The most cancel-
lation between the Earth and star terms occurs when t ≈ tL/2,
where |δni| can be seen in Fig. 2 to go through a local min-
imum. Remember that tL is latitude dependent, explaining
why the different colored curves go through minima at differ-
ent times. If we increased the distance to our light sources, ds,
the vertical scaling of Fig. 2 would not change. What would
change is the horizontal span of the plot and the rate of secular
evolution of |δni| between t = 0 and t = tL. In other words, the
memory-induced drift in the deflection driven by the star term
is slower for more distant sources.
Instead of detailing the full evolution of the deflections
from our representative GW burst, Fig. 3 shows the spa-
tial variation across the sky for memory-induced deflections.
Sources of light initially in the directions of the black circles
will be promptly deflected to the positions of the red squares
on a timescale τ as the memory component of the GW burst
passes over Earth (we are ignoring the transient fluctuations
from the waveletlike component of the burst). For the sake of
visualization, the scale of the deflections has been enormously
exaggerated. Over the timescale (ds/c)(1 + zˆ · nˆ), shorter for
sources of light nearer the south pole, the promptly deflected
FIG. 3. The prompt and permanent deflection patterns caused by GW
memory. For the sake of visualization, we inflated the magnitude
of the effect to unrealistically large levels. Over a timescale τ, the
time it takes for memory to grow from zero to its final value, light
sources originally at the locations of the black dots are deflected to
the positions of the red squares as the wavefront passes over Earth.
Over a long timescale (ds/c)(1 + zˆ · nˆ), light sources drift along the
dotted green paths, eventually arriving at the positions of the blue
triangles.
4sources will drift along the dotted green lines at a constant rate
and eventually settle permanently at the locations of the blue
triangles.
Discussion.— Light rays propagating through an inhomo-
geneous background of static, scalar density fluctuations un-
dergo a random walk. The path they take deviates from the
path they would take in a flat background by an amount that
scales as d3/2s ; their observed location is deflected by an an-
gle that scales as d1/2s . It was initially thought that the story
would be similar for deflections from a stochastic background
of GWs. These expectations were thwarted, however, because
the star term is suppressed, scaling as d−1s . Consequently, light
rays propagating through a background of short-wavelength
GWs (short compared to ds) deviate from their unperturbed
path by an amount that scales only logarithmically with ds
and the deflection angle is independent of ds [29, 30].
Memory should revive random-walk scaling considerations
for deflections from GWs. Well after a GW burst with mem-
ory has passed over Earth, the magnitude of the angular de-
flection of a distant light source is set by the scale of the
memory rather than something scaling inversely with ds. Pop-
ulations of systems such as binary black holes—from stellar
mass to supermassive—produce GW bursts with memory at
some rate over a wide range of amplitudes. During the in-
creased time that light takes to travel to Earth from more dis-
tant sources, more GW bursts with memory will occur and
the persistent deflections from memory will partially stack
in a random-walk fashion. That the deflection angle from
memory scales precisely as d1/2s rather than some other power
of ds remains to be shown—secular evolution of the prompt
deflection through the star term may complicate this picture
slightly—but will be investigated in future work. Understand-
ing how the magnitude of memory-induced deflections scales
with ds is one thing, but to estimate the magnitude of the de-
flections will require astrophysically motivated models for the
history of memory production from all possible sources reach-
ing back over cosmological time. Furthermore, when con-
sidering the deflection signal from an ensemble of sources in
different directions, one will need to look at how the spatial
properties of the signature vary across the sky. It will be more
complex than the single-source picture we developed here.
Even if the magnitude of memory-induced deflections
builds to appreciable levels for distant sources in a random-
walk fashion, these deflections may prove difficult to detect
due to the simplistic nature of their temporal evolution. Dur-
ing the potentially very long interregnum between t = 0 and
t = tL, a burst with memory of amplitude m0 generates a con-
stant proper motion field with a magnitude proportional to
cm0/ds. Because it is the star term that drives the evolution
of the deflection signal, it is in the magnitude of the memory-
induced proper motion that the suppressive inverse factor of
ds enters. For distant sources, these proper motions will likely
be very small and the deflection signal will be nearly static
over timescales comparable to a human lifetime.
When tasked with looking for nearly static effects generated
by GWs, it is useful to investigate entities for which there are
well-motivated a priori ideas for how they should look in the
absence of said GWs, then considering the character and de-
tectability of the GW imprint on them. This basic idea moti-
vates searches for evidence of primordial gravitational waves
in the cosmic microwave background (CMB) [31]. As deflec-
tions from many memory events accumulate in a random-walk
fashion, growing ever larger on average with increasing ds, the
largest possible effect will lie in the CMB. Describing the ob-
servational character of this signature is left to future work.
Our treatment of memory-induced deflections becomes in-
creasingly unreliable as ds grows because for larger values of
ds, it is increasingly likely that bright GW bursts with memory
occur at distances less than ds. In these situations, it is inade-
quate to treat the GW wavefront as planar. Book and Flanagan
[22], whose formalism we used for this analysis, also devel-
oped the machinery necessary to handle spherical wavefronts.
It adds significant complexity to the problem. From experi-
ence developed through similar considerations applied to PTA
efforts to detect GW memory [32], we anticipate that the qual-
itative picture we have developed here will remain intact and
that considerations involving spherical wavefronts will only
become significant when considering lines of sight passing
very close to bright sources of memory.
Nonetheless, if one wishes to describe signatures of mem-
ory in the CMB, considerations pertaining to spherical wave-
fronts will be important. Further, one will need to impose
the types of deflections we have described here to synthetic
realizations of the CMB, but from model populations of the
entire history of GW memory events that have occurred since
recombination: stellar mass compact binary mergers, super-
massive black hole binary mergers, etc. One will also need
to investigate the extent to which GW memory-induced sig-
natures in the CMB can be distinguished from or masked by,
say, the distortions caused by gravitational lensing from large-
scale structure in the foreground or the imprint of primordial
GWs themselves. It is a difficult problem, rich with astro-
physics, and worthy of exploration.
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